We study the transverse cracking of the 90
Introduction
Transverse cracks of 90
• plies in [0/90] S cross-ply laminates [?] appear early under tensile loading and continue forming until reaching a saturation state. The understanding of multiple transverse cracking is not only a phenomenon of scientific interest but also of practical importance. Transverse cracks can induce other damage mechanisms such as micro-delaminations followed by micro-buckling [?] . Failure generally occurs by the growth of nucleated or intrinsic defects on length scales much smaller than the sample size or representative volume element size used for the description of transverse cracking. One goal in materials design is the production of materials with flawinsensitive or damage tolerant behavior, in a way that small flaws propagate in a stable manner up to global material failure [?] . This necessitates the activation of interacting stress releasing mechanisms like crack deflections out of the preferred crack growth plane, micro-delaminations, induced microcracks or crack bridging. In any case the crack no longer propagates inside a homogeneous continuum, and inhomogeneity or disorder on certain length scales becomes a necessary element for the failure prediction of the composite. Models for the fracture simulation should allow the study of the growth of small cracks up to macroscopic size.
For the last 20 years several analytical solutions were proposed for the calculation of the density of micro cracks under mechanical and thermal loading, using a variety of different approaches for stress analysis and different failure models [?, ?, ?] . These models were combined with interacting damage mechanisms within a micro-mechanics of damage analysis to take micro-delaminations into account [?] . For woven fabric simple models were derived from cross-ply laminates, showing the same types of damage also found in cross-ply laminates. Even though analytic models are in good agreement with experimental findings, the description of the evolution of transverse cracks from the early nucleation of micro-cracks over coalescence and crack growth lies beyond the scope of an analytic approach.
Numerical simulations for the failure of the transverse ply have been performed at different length scales ranging from the microscopic scale, modeling single fibers [?, ?] and models for small fiber clusters [?, ?, ?] up to the meso scale studying homogenized plies [?] with a variety of model approaches. Either symmetric fiber arrays built of unit cells consisting of a part of a fiber and matrix material are calculated using finite element methods [?, ?] or small clusters of fibers with microstructural disorder, embedded in matrix material are modeled directly, employing fictitious or discrete crack models [?] . Unfortunately, these simulations are very time consuming and the results have limited meaning for the simulation of multiple cracking in thicker transverse plies. In addition, they do not allow predictions about size scaling or the possibility to model the dynamic fracture process itself.
In the present paper we study the transverse cracking of the 90 • ply in a [0/90] S cross-ply laminate by means of a discrete element method. In order to model the 90
• ply, a two-dimensional triangular lattice of springs is constructed. The nodes of the lattice model fibers perpendicular to the plane of the lattice, and springs represent the matrix material in between. The spring-lattice is coupled by interface springs to two rigid bars which represent the two 0
• plies in the model, but could be adjacent sublaminates as well. Disorder is introduced by assigning randomly distributed breaking thresholds to the springs, i.e. a spring breaks if the load on it exceeds its breaking threshold. To simulate transverse cracking under uniaxial loading of the composite, external load is imposed on the triangular lattice by horizontally displacing the two edges and the upper and lower interface elements of the lattice. This corresponds to a load imposed by coupled flexural rigid bars along the load direction. The time evolution of the system is followed by solving the equation of motion of the nodes (molecular dynamics). With the discrete element method used in this study, relatively large system sizes can be handled, enabling simulation of the fracture processes with crack-crack interactions of thousands of cracks. Multiple cracking has been studied before, using random spring networks with springs of random distribution of strain failure [?, ?, ?, ?], but rarely in the field of fiber composites research. This approach is particularly suited for studies on dynamic instability in crack propagation, the collective behavior of many interacting cracks and size effects of multiple transverse cracking. Therefore, the discrete element method is practical for studying general features of the statics and dynamics of fracturing like the crack morphology, global fracture patterns due to the collective behavior of many interacting cracks as well as the dynamic instability in the propagation of cracks. Our investigation is focused on the process of damaging, stiffness degradation, micostructure of damage, and furthermore, on the relative importance of damage mechanisms like segmentation and delamination in the degradation process.
The paper is organized as follows: Section 2 gives a detailed description of the model construction. Tests of the model and the numerical results on transverse cracking obtained by simulations are presented in Section 3. An analytic approach worked out in the literature to the transverse cracking problem is summarized in Section 4.
The simulational results are confronted with the analytic calculations and experimental results at the presentation of the analytic methods and also in the discussion part.
The discrete element model
In order to study the formation of segmentation cracks, a two dimensional triangular spring network model of composites containing undeformable cells, is worked out.
Molecular Dynamics (MD) simulation is used to follow the motion of each cell by solving Newton's equations of motion. In the present study we use a 4 th order Gear
Predictor Corrector scheme [?] . A general overview of MD simulations applied to composite materials can be found in [?] .
With this method already small cracks are sharply defined, with the possibility to simulate simultaneously a conglomerate of cracks within rather large lattice sizes.
The fundamental advantage of the lattice model used in this investigation is due to its simplicity, giving direct access and possible physical interpretation to each step of the algorithm. Consequently, one can modify the rules for features of interest, like the characteristic properties of size, strength or force in a rather straightforward and transparent way.
Despite of the advantages of lattice models, one has to be aware of the limitations of discrete network models for the simulation of failure. One type of questions deals with the abstraction of the underlying material regions with discrete elements concerning the attributes of the elements and their organization in a network as well as the boundary conditions and numerical approaches utilized. But these questions are independent from limitations imposed by the nature of fracture simulations with discrete elements.
Discreteness implies, that the stresses in an element correspond to an average of the local stresses over the volume represented by this element. It is, therefore, impossible to model cases with stress transfer from failed material regions to the neighboring ones on a length scale smaller than the lattice spacing.
The model is composed in three major steps, namely, a) the implementation of the microscopic structure of the solid, b) the determination of the constitutive behavior, and finally c) the breaking of the solid. The cells represent the cross sections of fibers. The fiber radius r f depends on the fiber volume fraction v f in the transverse ply, and is adjusted following the expression
The cell centers are connected by linear elastic springs with stiffness E s , representing the material region with fiber, fiber matrix interface and embedding matrix material. For simplification purposes, the springs behave in a time independent way, but time dependent spring properties are easy to introduce. In our simulation, the cells are the smallest particles interacting elastically with each other. We use a two-dimensional simulation with cells of unit thickness, allowing only motion in the observation plane, with the two degrees of freedom being the two coordinates of the position of the cell center of mass. The utilization of a regular lattice is a clear neglect of the topolog-ical disorder, symptomatic for realistic fiber composite systems. Since we have no particular basis for a topological disorder, we make a computational simplification by assuming the disorder in spring properties to adequately account for all the relevant disorder present in the material. Disorder is given to the model by a Weibull distribution of breaking thresholds F d at the beginning of the simulation in the form
and is kept constant during the fracture process (quenched disorder). The Weibull modulus m controls the degree of disorder in the distribution and it is usually chosen in the range 1.5 ≤ m ≤ 20, experimentally found to describe a variety of materials. as a function of the overlap area A (see Fig. 1b ). The overlap area A can be expressed in terms of the distance r ij of the centers as
and the repulsive contact force F c ij between two cells is given by
where L c is a characteristic length chosen to be equal to the lattice spacing s, E f t denotes the elastic modulus of a fiber perpendicular to the fiber direction, and n ij is the unit vector pointing from particle i to j. The contact law inside the system is only applied between two circular particles after the breaking of the connecting spring, preventing penetration of broken parts into each other. It is a drawback of this method that the overlap force (4) does not have a Hamiltonian formulation which implies that no energy can be associated to the deformation modeled by the overlap. The force F i on the cell i is the residual force of all attractive and repulsive forces on the cell calculated from their interaction with neighboring cells either by contact or by the springs. In principle, stress can be applied to the system either by changing the elastic modulus, the initial length of the springs or by applying a force on the interface elements. In the present paper for the purpose of the study of transverse ply cracking, mechanical load is introduced on the transverse ply by straining the rigid upper and lower beams in x-direction and moving the left and right beam, respectively (see also Fig. 1a ).
(c) Breaking of the solid Stresses inside the system can be released either by the formation of surfaces (cracks) inside the transverse ply or by fracture of the interface elements on the boundary. In the framework of Discrete Element Methods, the complicated crack-crack interaction is naturally taken into account. If the total force on a spring F exceeds its breaking threshold F d (damage threshold), its stiffness is abruptly reduced to zero, resulting in a load redistribution to neighboring springs in the next iteration steps. If after some iterations the neighboring springs exceed their threshold value due to the additional load, they fail too, giving rise to crack growth. Like in the bulk material, the interface springs break once their maximum load is exceeded. Their failure is interpreted as micro delamination. The breaking characteristics of the interface elements are in principle independent of those of the bulk springs. In the model this is captured by assigning damage thresholds to the interface springs using a Weibull distribution but with parameters different from the ones used for the bulk.
The time evolution of the particle assembly is followed by solving the equation of motion of the nodes (i.e. transverse fibers)
where N denotes the number of nodes (fibers of the transverse ply), and F i is the total force acting on node i. A 4 th order Predictor Corrector algorithm is used in the simulations to solve numerically the second order differential equation system Eq. (5).
After each integration step the breaking condition is evaluated for all the intact springs.
Those springs which fulfill this condition are removed from the further calculations (spring breaking).
Computer simulations
Before applying the model to study transverse cracking in fiber composites a variety of simulations have been performed in order to test the behavior of the model and to make parameter identification with respect to experiments. Therefore, reasonable characteristic values for the lattice spacing L c , spring stiffness E s and strength σ c , contact modulus E f t and time have to be chosen. The Young modulus and Poisson ratio of the model system was measured numerically by simulating uniaxial loading of a rectangular sample when springs were not allowed to break. To avoid the disturbing effect of elastic waves that can be induced by the loading in our dynamical model, the numerical experiment is performed in the way developed in [?]: The two opposite boundaries of the solid are moved with zero initial velocity but non-zero acceleration. When a certain velocity is reached the acceleration is set to zero and the velocity of the boundaries is kept fixed, which ensures a constant strain rate loading. With the help of this slow loading the vibrations of the solid can be reduced drastically compared to the case when the boundaries start to move with non-zero initial velocity. An additional way to suppress artificial vibrations in dynamical models, used in this study, is to introduce a small dissipation (friction or damping) for the springs. This dissipation has to be small enough not to affect the quasi-static results. In order to measure the macroscopic elastic behavior of the model solid, the total force needed to maintain the external constraint is monitored from which the stress σ can be determined as a function of strain ε. A representative example of the macroscopic elastic behavior is shown in Fig. 2a , where a good agreement of the numerical and analytical behavior can be observed.
As a further test of the model, at a certain load level two parallel cracks were introduced in the lattice perpendicular to the loading direction spanning through the whole cross section of the transverse ply. Keeping fixed the external load, the distribution of the stress components along the interface between the transverse and the longitudinal plies was calculated. The distribution of σ xx is presented in Fig. 2b .
Crack formation under gradual loading
The discrete element method gives the possibility to monitor the development of the microscopic damage in the specimen. Simulations showed that in accordance with experiments the damage process of the transverse ply is composed of two distinct parts.
At the beginning of loading the weakest springs break in an uncorrelated fashion when they get over-stressed, generating microcracks in the specimen. This primary uncorrelated microcrack nucleation is dominated by the disorder of the system introduced for the damage thresholds of the springs. The microcracks substantially change the local stress distribution in the ply leading to stress concentrations around failed regions, which gives rise to correlated growth of cracks under further loading, see Fig.   3a . Crack growth occurs perpendicular to the loading direction. Growing cracks or cracks formed by the coalescence of growing cracks can span the entire thickness of the transverse ply, resulting in segmentation, i.e. break-up of the ply into pieces, as is illustrated in Fig. 3b . Reaching the ply interface the crack stops without the possibility of penetration into the longitudinal ply in the model, as was observed in most of the experiments, but with the possibility of deflection at the ply interface. The simulated fracture process is similar to observations described in the literature [?] .
Further segmentation cracks mainly form between existing cracks until the crack density is saturated due to occurring micro delaminations. Micro delaminations usually start to occur when the crack density has already reached high values, depending on the thickness of the transverse ply. Fig. 3d ,e show that as a result of the formation of cracks spanning the entire thickness, the ply gets segmented into pieces, with delamination zones extending along the interfaces.
In order to obtain a quantitative characterization of the microstructure of damage,
we analysed the spatial distribution of microcracks, i.e. the distribution of broken springs. A crack is identified as a connected set of broken springs in the triangular lattice taking into account solely nearest neighbor connections. A crack is considered to be a segmentation crack if it spans from one side of the transverse ply to the other one. Since cracks forming along the interface of the plies complicate the identification of segmentation cracks in the framework of our algorithm, we use now the inner part of the specimen for the cluster identification. The method is illustrated in Fig. 4 for two different snapshots of the loading process. Fig. 4a and Fig The total number of microcracks divided by the total number of bonds in the system N cracks /N bonds and the number of segmentation cracks N seg are presented in Fig. 5 as a function of strain E s ε/σ c for several different values of the Weibull-modulus m.
It can be observed that cracking initiates at a finite strain value ε in , called damage initiation strain, and starting from this point N cracks monotonically increases during the entire loading process. Segmentation first occurs at a strain larger than ε in after the number of microcracks reached a certain value. The number of segmentation cracks N seg also increases, however, it gets saturated for larger strains in accordance with experimental observations. Increasing the value of m, i.e. making the Weibull distribution narrower, which implies that the system gets more and more brittle, the damage initiation strain ε in and the corresponding strain value at which the segmentation starts increase, furthermore, the saturation value of the segmentation cracks also increases for more brittle systems. The slight decrease of N seg for wider breaking threshold distributions is an artifact of the cluster analysis that identifies segmentation cracks connected via large delamination zones as one cluster and therefore as one segmentation.
Transverse ply stiffness degradation
All the observed forms of damage lead to a reduction of the total load portion, the transverse ply shares with the longitudinal plies. The ply stiffness is a macroscopic
property, but the numerical model is of micro structural nature. Therefore, the different effects of damage on the global stiffness have to be obtained by calculating an effective stiffness of the transverse ply. In this study we calculate the effective Young's modulus E ef f by cumulating the energy density e pot stored in the spring elements as
This assumption is justified due to the way of loading, resulting in mainly elongated springs, and it is also ensured that only a small portion of the cell-cell contacts are closing in the late stage of the simulations. Fig. 6 shows stiffness degradations with varying
Weibull modulus and with cracking artificially switched off after a certain number of iteration steps in the simulations. It can be observed that the more brittle the system is (i.e. the higher the Weibull modulus m is), the longer is the horizontal plateau that precedes the decreasing part of the effective young modulus of ply group 1 E
(1) ef f , which starts at the crack initiation strain. For high strains all the curves with different m values tend to a finite but very small stiffness which is reached when the cracking stops due to saturation. When cracking is artificially switched off after a certain time, the effective stiffness remains constant due to the constant amount of damage as expected. This corresponds directly to a change in the secant stiffness, useful for continuum damage models.
Micro-cracking in laminates with varying cross-ply thickness
The damage evolution in the transverse ply of [0, 90 n ] s laminates depends not only on the disorder, but also on the thickness of the transverse ply. It is observed experimentally that for thicker transverse plies, the saturation crack density is smaller than for thin plies, with delamination starting earlier during the loading. Both effects can be observed qualitatively in Fig. 7 , two compare snapshots of the damage process with different thicknesses see also 
Stress analysis
The stress field in presence of micro-cracking damage is calculated for a unit cell with cracks located at each end (Fig. 8) . The entire specimen is built by a sequence of unit cells. A two-dimensional analysis for the x − z−plane derived by Hashin [?, ?], using a variational mechanics analysis is employed. This way, the characteristic violation of the boundary condition caused by a non-zero interfacial shear stress at the surface of the ply crack, which is symptomatic for an one-dimensional analysis can be avoided. Following [?] we assume that the x-axis tensile stress in each ply group is independent of z, that ply cracks span the entire ply thickness and that delaminations are always symmetric [?] .
The x-axis tensile stress of a micro-cracked laminate can be derived with force balance σ (1)
with the undetermined function ψ(x) and λ = t 2 /t 1 expressing stress perturbations caused by the segmentation cracks. E 
E (1) xx , etc, are the material properties of the plies in conventional notation.
Delamination Microcrack-induced delamination is a damage mechanism, that competes with the formation of new segmentation cracks in the transverse ply. Experimental and numerical studies show, that ply crack-induced delamination does not start before a critical crack density is reached.
The two-dimensional, variational mechanics analysis of [?] described above can be extended to account for delaminations emanating from ply crack tips. The assumption that σ
( 1) xx is independent of z, indicates identical delamination lengths emanating from the top and bottom crack tips. This leads to a simple stress state for the delaminated regions:
In the region between the delaminations, the stress distribution is equal to that existing between two microcracks with the dimensionless half spacing ρ − δ with δ = (d1 + d2)/2t 1 and ρ = a/t 1 . The ERR for the initiation of delaminations in the unit cell is given by:
χ(ρ) is a function that corresponds to the excess strain energy in a unit cell of damage caused by the presence of ply cracks [?, ?] . Assuming that the critical energy release rate for delamination G mc = G dc , we compare the dimensionless ERR as a function of the crack density to find the crack density for the initiation of delaminations [?] .
In the analytic framework, with the onset of delamination, no further segmentation takes place, so the crack density for delamination onset is equal to the crack density of the characteristic damage state (CDS). In Fig. 9b the analytic values for the CDS as a function of transverse ply thickness are compared to our simulation results and to some limited experimental data. Since our numerical model is more realistic in the sense that it captures more details of the microscopic damage mechanisms, a satisfactory agreement can be stated between the simulation and the experimental findings, however, the analytic curve falls a bit further from them.
The reduction of the transverse ply stiffness is compared to simulation results in Fig. 10 . It is obvious, that the analytic model without delamination has no segmentation crack saturation, leading to a higher crack density. Numerical results for two different transverse ply thicknesses show qualitative agreement, only with the stiffness reduction being zero at the saturation crack density.
Discussion
We introduced a disordered spring network model to study the transverse cracking of the 90
• ply in [0/90 n ] S cross-ply laminates. The main advantage of our modeling is that it naturally accounts for the complicated local stress fields formed around failed regions in materials, furthermore, it captures the gradual activation of the relevant failure mechanisms and their interactions during the fracture process.
We have demonstrated that our discrete element model provides a deep insight into the damage process occurring under gradual loading of cross ply laminates. Quantitative results have been obtained on the microstructure of damage, on the local stress distribution between cracks and on the degradation of the ply's stiffness.
The results obtained by numerical simulations have been confronted with experimental findings [?] and also with the analytic approach of Nairn and Hu. Good agreement was found between the numerical, analytical and experimental results. However, the numerical simulations proved to be more realistic than the simple analytic approaches, due to the more detailed description of microscopic damage mechanisms as built in the discrete model.
Despite of the realistic model construction our study makes some technical simplifications which have to be overcome in the future. For instance, due to the difficulties in the identification of the fracture properties of interface bonds between plies, no simulations have been performed varying the relative breaking thresholds of interface and bulk springs. To clarify this problem a detailed parameter study will be carried out in a forthcoming publication.
The capabilities of our model are not limited to uniaxial loading, it can be applied to study damage processes of the transverse ply in cross-ply laminates under varying loading cases including also the thermal degradation process occurring during the production process of fiber composites. Studies in this direction are in progress.
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